Order Statistics — Quarto Notebook
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R helpers (optional)

Setup

library(tidyverse)

Order statistics

When ordering a collection of independent continuous random variables with common cdf
F (and pdf f), let X, Xo,..., X, ' F with pdf f. Assume f(z) > 0 for € (a,b) and 0
otherwise. We define the order statistics as

Xy =min{Xy,..., Xp}
X(n) = max{Xl, ceey Xn}



CDFs and PDFs of the minimum and maximum

For the minimum X y):

Fx o, (21) =P(Xq) < 21) =1-P(Xqq) > 21)
=1-P(all X; > 1)

=1— [P(Xy > 21)P(Xa2 > 31) - P(X,, > 71)]
=1-1[1, P(X; > 11)

=1-1IiL, (1= F(z1))

=1-[1- F(xl)]nl[(a,b)(xl)

Differentiating,

fxy (@) = nf(zr) [1 = F(z)]" g (21)
For the maximum X,

Fx., (zn) = P(X(n) < 2pp) = Plall X; <)
= [[i=1 P(Xi < @)

= [F(@n)]" L) (zn)

Iy (@n) = 0 [F ()" f(2n) o) (20)

Example: Uniform(0,1)

Suppose we have a random sample of n Uniform values, X7, Xo, ...

f(z) =T 1) (z)

0, <0
Flz)=¢z, 0<z<1
1, =z>1

Then
Fxoy (@1) = n(l —21)" g1y (21)

fX(n) (zn) = na; ! Lo,1)(2n)

X, ~ U(0,1).



Example: Exponential()\)

Suppose we have a random sample of n Exponential random variables, X, Xo, ...

Exp()).

f(@) = Ae ™ Ig o) (7)

Fz)= (1) 00 ()

So

Fxo (@) = nmAe= 1 T ) (a)
= Xy~ Exp(nA)

Fx(@n) = n[l —e A=t e n g ()
An immediate application (with ¢ > 0):

I[D(X(l) > t) = "M ]I((),OO)(t)

General kth order statistic

i (o0) = G PPl £ 1= Pl * T (o)

Joint density of the jth and kth order statistics (j < k)

n!

X [F(xg) = Fa)F 70 ) 1= F(a)]"F La ) (25) L, 5y (21)

Example: Uniform(0,1) again

|
P @) = G o (= w0 o ()

= X ~ Beta(k, n —k +1)

Joint density of the minimum and maximum for Uniform(0, 1)

TL—Q]I

fX(l),X(n) (z1,2) = n(n — 1) (xn — 1) (O,l)(ml) H(11,1) (z)

an ~



R helpers (optional)

The following chunk uses tidyverse style to simulate samples and empirically verify the formu-
las.

set.seed(1)
n <- 5
m <- 100000

df <- tibble(id = 1:m) %>%
mutate(samples = map(id, ~ runif(n))) %>%
mutate(mins = map_dbl(samples, min),
map_dbl (samples, max))

maxs

df %>% summarise(mean min = mean(mins), mean max = mean(maxs))

# A tibble: 1 x 2
mean_min mean_max
<dbl> <dbl>
1 0.166 0.833

set.seed (1)

n <- 5
lambda <- 2
m <- 100000

df <- tibble(id = 1:m) %>%
mutate(samples = map(id, ~ rexp(n, rate=lambda))) %>%
mutate(mins = map_dbl(samples, min))

df %>% summarise(mean min = mean(mins), theoretical = 1/(n*lambda))

# A tibble: 1 x 2
mean_min theoretical
<dbl> <dbl>
1 0.1000 0.1
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