
Stat 207, Summer 01. Solutions to Homework 2

1. (1.8) (a)

E[xt] = E[
tX

k=1

wk] =
tX

k=1

E[wk] = 0:

(s; t) = E[(xs � �)(xt � �)]

= E[xsxt]

= E[
sX

k=1

wk

tX
l=1

wl]

= E[w1(
tX

l=1

wl) + � � �+ ws(
tX

l=1

wl)]

= E[w2

1
] + � � �+E[w2

min(s;t)]

= �2w min(s; t);

since E[wmwn] = 0 if m 6= n.

(b) The series is nonstationary since the autocovariance function

(s; t) = �2w min(s; t)

depends on t. So xt is not weakly stationary (=) not strictly stationary).

(c) Consider the di�erence

rxt = xt � xt�1 =
tX

k=1

wk �
t�1X
k=1

wk = wt:

We have
E[rxt] = E[wt] = 0;

and

(h) = E[(rxt+h � �)(rxt � �)]

= E[rxt+hrxt]
= E[wt+hwt]

=

(
�2w; h = 0;
0; jhj > 0:

Hence rxt is stationary since its mean is constant and its autocovariance function does not
depend on t.

2. (1.9)

E[xt] = E[u1 sin(2��0t) + u2 cos(2��0t)]

= E[u1] sin(2��0t) +E[u2] cos(2��0t)

= 0:
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In the following, we will use

sin(A+B) = sinA cosB + cosA sinB;

cos(A�B) = cosA cosB + sinA sinB:

(h) = E[(xt+h � �)(xt � �)]

= E[xt+hxt]

= E[fu1 sin(2��0(t+ h)) + u2 cos(2��0(t+ h))g � fu1 sin(2��0t) + u2 cos(2��0t)g]
= E[u2

1
sin(2��0(t+ h)) sin(2��0t) + u1u2 sin(2��0(t+ h)) cos(2��0t)

+u2u1 cos(2��0(t+ h)) sin(2��0t) + u2
2
cos(2��0(t+ h)) cos(2��0t)]

= E[u2
1
sin(2��0(t+ h)) sin(2��0t) + u1u2 sin(2��0(t+ h) + 2��0t)

+u2
2
cos(2��0(t+ h)) cos(2��0t)]

= E[u2
1
] sin(2��0(t+ h)) sin(2��0t) +E[u1]E[u2] sin(2��0(t+ h) + 2��0t)

+E[u2
2
] cos(2��0(t+ h)) cos(2��0t)

= �2[sin(2��0(t+ h)) sin(2��0t) + cos(2��0(t+ h)) cos(2��0t)]

= �2 cos(2��0(t+ h)� 2��0t)

= �2 cos(2��0h):

So xt is weakly stationary since its mean is constant and its autocovariance function does not
depend on t.

3. (1.14) (a)

E[yt] = E[wt � �wt�1 + ut] = E[wt]� �E[wt�1] +E[ut] = 0 (= �y):

y(h) = E[(yt+h � �y)(yt � �y)]

= E[yt+hyt]

= E[(wt+h � �wt+h�1 + ut+h)(wt � �wt�1 + ut)]

= E[wt+hwt � �wt+hwt�1 + wt+hut � �wt+h�1wt + �2wt+h�1wt�1

��wt+h�1ut + ut+hwt � �ut+hwt�1 + ut+hut]

= E[wt+hwt]� �E[wt+hwt�1]� �E[wt+h�1wt] + �2E[wt+h�1wt�1] +E[ut+hut];

since wt is independent of ut.
When h = 0,

y(0) = E[wt] + �2E[wt�1] +E[u2t ] = (1 + �2)�2w + �2u;

When h = �1,
y(h) = ��E[w2

t ] = ���2w;

When jhj � 2,
y(h) = 0:

So the ACF

�y(h) =

8><
>:

1; h = 0;

� ��2
w

(1+�2)�2
w
+�2

u

; jhj = 1;

0; jhj � 2:
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(b)

E[xt] = E[wt] = 0 (= �x):

x(h) = E[(xt+h � �x)(xt � �x)]

= E[xt+hxt]

= E[wt+hwt]

=

(
�2w; h = 0;
0; jhj � 1:

xy(h) = E[(xt+h � �x)(yt � �y)]

= E[xt+hyt]

= E[wt+h(wt � �wt�1 + ut)]

= E[wt+hwt]� �E[wt+hwt�1] (since wt and are independent)

=

8><
>:

�2w; h = 0;
���2w; h = �1;
0; otherwise:

So the CCF

�xy(h) =
xy(h)p

x(0)
q
y(0)

=

8>><
>>:

�wp
(1+�2)�2

w
+�2

u

; h = 0;

� ��wp
(1+�2)�2

w
+�2

u

; h = �1;

0; otherwise:

(c)

E[xt] = 0 and x(h) =

(
�2w; h = 0;
0; jhj � 1;

so xt is stationary.

E[yt] = 0 and y(h) =

8><
>:

(1 + �2)�2w + �2u; h = 0;
���2w; jhj = 1;
0; jhj � 2;

so yt is stationary.

xy(h) =

8><
>:

�2w; h = 0;
���2w; h = �1;
0; otherwise:

The series have constant means and the ACF's and CCF only depend on h, so xt and yt are
jointly stationary.
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