Stat 207, Summer 01. Solutions to Homework 2

1. (1.8) (a) t

t
E[z] = E[>_ wi] =Y Elw] =0.
k=1

k=1
Y(s,t) = El(zs — p)(z — p)]
= E[$S$t]
s t
- B )
k=1 1=l
t t
= Blwi(Y w) + - +wy (Y w)]
=1 =1
= Ewl]+---+ E[wgnin(s,t)]
= 02 min(s, 1),

since Elwpwy,] =0 if m # n.

(b) The series is nonstationary since the autocovariance function
+(5,1) = o2 min(s, )

depends on ¢. So z; is not weakly stationary (= not strictly stationary).

(c) Consider the difference

t t—1
Vo, =z — x4 1 = Zwk — Zwk = w;.
k=1 k=1
We have
E[th] = E[wt] = 0,
and

v(h) = E[(Vayn —p) (Vi — p)]
= E[V$t+hvmt]
= Blwiipwi

o2, h=0,
0, |h|>0.

Hence Vz; is stationary since its mean is constant and its autocovariance function does not
depend on t.

2. (1.9)

E[z;] = E[uysin(2nvgt) 4 ug cos(2mvpt)]
= FElui]sin(2mwvot) + Elus] cos(2mvpt)

e



In the following, we will use

sin(A+ B) = sinAcosB + cos Asin B,
cos(A — B) = cosAcosB + sin Asin B.

v(h) = El(@en —p)(e — p)]
= Elzyna
= E[{uysin(2mvy(t + h)) + ug cos(2mvy(t + b))} - {ug sin

) 2mwpt) + ug cos(2mpt) ]
= E[u?sin(2my(t + h)) sin(27rwot) + ugug sin(2rvy(t + h

(

(

) cos(2mvpt)
) cos(2myt)]
+ 27mwpt)

+uguy cos(2muy(t + h)) sin(271pt) + ui cos(2mvy(t + b

= E[u?sin(2my(t + h)) sin(27rwot) + uiug sin(2mvy(t + h
+u? cos(2m1 (t + h)) cos(2m1pt)]

= E[u?]sin(2nvo(t + h)) sin(2nvpt) + Eluy|Elus] sin(271 (¢ + h) + 2mvt)
+E[u3] cos(2mug (t + h)) cos(2mupt)

= o?[sin(2mvp(t + h)) sin(2rvpt) 4 cos(27vy(t + h)) cos(2mvgt)]

= o2 cos(2mvy(t + h) — 2mwyt)

= o2 cos(2nph).

~_ ~— ~— —~

So x; is weakly stationary since its mean is constant and its autocovariance function does not
depend on ¢.

3. (1.14) (a)

Ely] = Elwy — Qw1 + wi] = Elwy] — 0E[w—1] + Eu] =0 (= ,uy)-
Yy(h) = El(Yeen — ty) (Y — 1y)]
Yt+nYyt]
[(Wesn — Owppn—1 + upin) (we — Qw1 + ug)]
Elwpspwy — Qwyspywe 1 + wippty — Owppp_1wy + 0 wypp_qwyq

[
[

I
& &

— 0wy n—1U + Uppp W — QU W1 + Upyp U]
= Elwiinwi] — 0B[wiinwi1] — OE[win 1wi] + 0 Blwin 1wi1] + Elugynul,

since w; is independent of u;.

When h = 0,
Yy (0) = Elw] + 02E[wt,1] + E[uf] =(l+ 92)01211 + 03;
When h = £1,
vy(h) = —0E[w}] = —00,;
When |h| > 2,
Yy(h) = 0.

So the ACF

1, h=0,

0o2

py(h) =9 —mmez hl=1,
0, |h| > 2.



(b)
Elzy] = Elw] = 0 (= po)-

Va(h) = El(@tsn — pa) (Tt — pa)]
= Elzi1nmi]
= Elwiinhw
_ { 02, h=0,
N 0, |hl>1.
Yay(h) = El(@e1n — o) (Y — py)]
= Elziiny
= Blwpp(wy — Qw1 + uy)]
= FBElwpwy| — 0E[wippwi—1]  (since w; and are independent)
o2, h =0,
= —003), h=-1,
0, otherwise.
So the CCF
b Jomger =0
pay(h) = _ vw(h) SR _—
72(0)/7(0) V8 tod .
0, otherwise.
(c)

o, h=0,
Elz;] =0 and ’Yx(h):{ (;u h| > 1

so x; is stationary.

(1 + 02)0120 + Uz2u h =0,

Ely] =0 and ~y,(h) = —002, |h| =1,
0’ |h| Z 23
so y; is stationary.
o2, h =0,
Yoy(h) =< —00%, h=-1,
0, otherwise.

The series have constant means and the ACF’s and CCF only depend on h, so x; and y; are
jointly stationary.



